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E-mail address: chencq@tsinghua.edu.cn (C.Q. CheThe inﬂuences of elastic substrate on the indentation force, contact radius, electric potential and electric
charge responses of piezoelectric ﬁlm/substrate systems are investigated by the integral transform
method. The ﬁlm is assumed to be ideally bonded to the substrate and the contact interaction between
the indenter and the ﬁlm is assumed to be frictionless, with three kinds of axisymmetric insulating and
conducting indenters (i.e., punch, cone and sphere) considered. Obtained results show that when the
ratio of the contact radius to the ﬁlm thickness is close to zero, the inﬂuences of the elastic substrate dis-
appear and the indentation behaviors converge to the piezoelectric half space solutions while the inden-
tation responses approach the corresponding ones of elastic half space as the ratio gets to inﬁnity. The
transition between the piezoelectric and the elastic half space indentation solutions for the ﬁlm/substrate
system is quantiﬁed in terms of the ﬁlm thickness and the elasticity of the substrate. Finite element anal-
ysis on an insulating sphere indentation is conducted to verify the numerical calculations and good agree-
ment is observed. The obtained results are believed to be useful for developing experimental techniques
to extract the material properties of piezoelectric ﬁlm/substrate systems.
 2011 Elsevier Ltd. All rights reserved.1. Introduction Suresh (1999) investigated the axisymmetric indentation of a pie-Piezoelectric materials in the form of ﬁlm bonded to substrate
are widely used in microelectromechanical systems (MEMS) as
actuators and sensors, due to their attractive mechanical and elec-
tric coupling effects (Mason, 1950; Uchino, 1997). The ﬁlm thick-
ness can range from a few nanometers to several millimeters. To
measure the mechanical and electric properties of the piezoelectric
materials used in applications that they are prone to contact in
thin-ﬁlm and bulk forms, the instrumented indentation tech-
niques, which are based on the methods developed by Oliver and
Pharr (1992, 2004) originally for elastic half space, can offer a pow-
erful tool (Bahr et al., 1999; Sridhar et al., 1999; Zheng et al., 2003;
Delobelle et al., 2004; Rar et al., 2006). However, successful appli-
cation of the techniques to piezoelectric ﬁlms depends to a large
extent upon the availability of reliable closed-form exact or
approximate indentation models.
Indentation responses of piezoelectric materials, when com-
pared to those of elastic materials, are more complicated owing
to the directional dependence and mechanical–electrical coupled
characteristics of the materials. A number of theoretical and exper-
imental studies on this subject are available. Using the Hankel
transformation method, Matysiak (1985) obtained the solution
for a linear piezoelectric half space penetrated by a rigid conduct-
ing punch. Following the same methodology, Giannakopoulos andll rights reserved.
.
n).zoelectric half space pressed by three different types of insulating
and conducting indenters (i.e., punch, cone and sphere) within the
context of fully coupled, transversely isotropic models. Yang
(2008) presented a closed-form solution of the axisymmetric
indentation for a semi-inﬁnite transverse isotropic piezoelectric
material by a rigid-conducting indenter of arbitrary-axisymmetric
proﬁle. Effective contact stiffness and piezoelectric constant were
obtained. Alternatively, the potential theory technique was
adopted by Wang and Zheng (1995), Chen and Ding (1999), Chen
et al. (1999), Ding et al. (2000), and Kalinin et al. (2004) to derive
analytical indentation solutions of a transversely isotropic piezo-
electric half space. Karapetian et al. (2009) studied the piezoelec-
tric indentation of ﬂat and non-ﬂat indenters with arbitrary form,
under normal force (centrally or non-centrally applied) and electric
charge distributions prescribed at the base.
Similar to successful implementation of traditional indentation
of elastic materials (Busby et al., 2005), experimental studies on
piezoelectric materials were conducted by many researchers. The
indentation force response of lead zirconate and barium titanate
piezoelectric ceramics to spherical micro-indentation was experi-
mentally investigated by Ramamurty et al. (1999). The electric
responses during indentation of piezoelectric materials was studied
experimentally by Sridhar et al. (1999) and the experimental
results were larger than the theoretical prediction, whichwas likely
due to the occurrence of inelastic deformation and the time-
dependence of the piezoelectric interaction. Delobelle et al.
(2004) used the traditional indentation method to measure the
conducting elastic  substrate
              ( , )s sE
z
t
r
P
2a
axisymmetric rigid indenter
piezoelectric film
h
Fig. 1. Illustration of the axisymmetric indentation of a piezoelectric ﬁlm bonded to
a conducting elastic substrate with Young’s modulus Es and Poisson’s ratio ms .
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of the piezoresponse force microscopy (PFM) (Birk et al., 1991; Zav-
ala et al., 1997; Zhao et al., 2004), Rar et al. (2006) assessed the piez-
oresponse of polycrystalline lead zirconate titanate and BaTiO3
piezoelectric ceramics by applying an oscillating voltage between
the indenter-tip and the back-electrode.
However, it is noted that all the aforementioned studies on
indentation mainly focus on the half space case. For ﬁlm/substrate
systems, the corresponding indentation responses are much more
complicated. General speaking, as a rule of thumb, when the ratio
of contact radius to ﬁlm thickness is less than one tenth, the effects
of the substrate on the indentation responses can be neglected and
the solutions for indentation of half space apply (e.g., Johnson,
1985; Oliver and Pharr, 1992). On the other hand, when the ratio
of the contact radius to the ﬁlm thickness is large enough, simpli-
ﬁed approximate solutions can be obtained by employing Johnson’s
assumption of ‘‘plane sections remain plane after compression’’
(Johnson, 1985) and other methods (Yang, 2003; Ning et al.,
2006;Wang et al., 2008b). For intermediate values of ﬁlm thickness,
an important and difﬁcult issue to be addressed is to quantify the
effects of the ﬁlm thickness and the substrate on the indentation re-
sponses. A number of studies on the elastic ﬁlm/substrate system
have been conducted for such purpose (Doerner and Nix, 1986;
King, 1987; Gao et al., 1992; Mencik et al., 1997; Yu, 2001; Saha
and Nix, 2002; Yang, 2003; Chen et al., 2005; Gao et al., 2008).
For indentations of piezoelectric ﬁlm/elastic substrate, both exper-
imental and theoretical studies on piezoelectric thin ﬁlms (Christ-
man et al., 1998; Bahr et al., 1999; Zheng et al., 2003; Delobelle
et al., 2004) and multilayered piezoelectric media (Wang et al.,
2002; Wang and Han, 2006) have been reported. Wang et al.
(2008b) conducted a systematic theoretical analysis on the axisys-
metric indentation of piezoelectric ﬁlm/substrate system by three
ideal insulating and conducting indenters. Three cases of half space,
thin ﬁlm with ﬁnite thickness and ultra-thin ﬁlm were considered.
They proposed corresponding semi-empirical indentation re-
sponses formulae which were thought to be useful for developing
experimental indentation techniques to extract the material prop-
erties of piezoelectric ﬁlms. The electromechanical behaviors of a ﬁ-
nite piezoelectric ceramic layer indented by a ﬂat punch were also
investigated by another group (Wang et al., 2008a). Nevertheless, in
their studies the substrate was assumed to be rigid and it is only a
rough approximation of the case of soft ﬁlm on rather hard sub-
strate. In reality, however, the substrate may not be regarded as ri-
gid and its elasticity could have big inﬂuence on the indentation
responses. So far, the indentation of a piezoelectric ﬁlm on an elas-
tic substrate is rarely mentioned or studied. It is therefore desirable
to carry out a systematic theoretic research to explore the effects of
the elastic substrate on the indentation responses.
Inwhat follows, this paper is concernedwith the electromechan-
ical indentation responses of the piezoelectric ﬁlm perfectly bonded
to an elastic substrate with different Young’s moduli and Poisson’s
ratios. Different types of indenter geometry and different electrical
boundary conditions (perfectly insulating and perfectly conducting)
are considered. The frictionless condition for the contact between
the indenter and the ﬁlm and ideally bonding condition between
the ﬁlm and the substrate are adopted. The focus is placed on quan-
tifying the inﬂuences of the substrate elasticity on the indentation
responses of the piezoelectric ﬁlm elastic substrate system.
2. Fundamental formulae
2.1. Models
The problem to be considered is a transversely isotropic piezo-
electric ﬁlm (Chen and Ding, 1999; Giannakopoulos and Suresh,
1999; Karapetian et al., 2002; Chen and Yu, 2005) ideally bondedto an isotropic elastic substrate with Young’s modulus Es and Pois-
son’s ratio ms and penetrated by an axisymmetric rigid indenter. The
cylindrical polar coordinate system ðr; h; zÞ is introduced and the
piezoelectric ﬁlm is isotopic in the ðr  hÞ plane (Fig. 1), where P,
h and a denote the indentation force, depth, and contact radius,
respectively, and t represents the ﬁlm thickness. Three different
types of rigid indenters are considered: a punch with radius a, a
cone with included semi-apex angle H, and a sphere with radius
R. The contact between the indenters and the ﬁlm is assumed to
be frictionless. It is noted that the coordinate system for the elastic
substrate is ðr; h; z0Þ with z0 ¼ z t.
2.2. General solutions
The governing equations in terms of the displacement compo-
nents ur and uz and the electric potential / for the piezoelectric
media can be expressed as
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where cij; eij and 2ij are respectively the elastic, piezoelectric and
dielectric constants. Considering the axisymmetric nature of the
considered problems, the general indentation solutions of Eq. (1)
through the Hankel transformation technique are given as follows
(Wang et al., 2008b)
urðr; zÞ ¼
Z 1
0
a1A1ðnÞek1nz þ ða21A2ðnÞ  a22A3ðnÞÞednz cosðxnzÞ

þða22A2ðnÞ þ a21A3ðnÞÞednz sinðxnzÞ

þ a3A4ðnÞek1nz þ ða41A5ðnÞ  a42A6ðnÞÞednz cosðxnzÞ

ða42A5ðnÞ þ a41A6ðnÞÞednz sinðxnzÞ

nJ1ðnrÞdn;
ð2Þ
uzðr; zÞ ¼
Z 1
0
b1A1ðnÞek1nz þ ðb21A2ðnÞ  b22A3ðnÞÞednz cosðxnzÞ

þðb22A2ðnÞ þ b21A3ðnÞÞednz sinðxnzÞ

þ b3A4ðnÞek1nz þ ðb41A5ðnÞ  b42A6ðnÞÞednz cosðxnzÞ

ðb42A5ðnÞ þ b41A6ðnÞÞednz sinðxnzÞ

nJ0ðnrÞdn;
ð3Þ
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Z 1
0
c1A1ðnÞek1nz þ ðc21A2ðnÞ  c22A3ðnÞÞednz cosðxnzÞ

þðc22A2ðnÞ þ c21A3ðnÞÞednz sinðxnzÞ

þ c3A4ðnÞek1nz þ ðc41A5ðnÞ  c42A6ðnÞÞednz cosðxnzÞ

ðc42A5ðnÞ þ c41A6ðnÞÞednz sinðxn~zÞ

nJ0ðnrÞdn;
ð4Þ
where A1ðnÞ  A6ðnÞ are unknown coefﬁcients to be determined by
boundary conditions and a; b, and c are coefﬁcients related with
the material properties which can be found in Wang et al. (2008b).
On the contact surface ðz ¼ 0Þ, the displacement components
and electric potential are given by
urðr;0Þ ¼
Z 1
0
ða1A1ðnÞ þ a21A2ðnÞ  a22A3ðnÞÞ½
þða3A4ðnÞ þ a41A5ðnÞ  a42A6ðnÞÞnJ1ðnrÞdn;
ð5Þ
uzðr;0Þ ¼
Z 1
0
ðb1A1ðnÞ þ b21A2ðnÞ  b22A3ðnÞÞ½
þðb3A4ðnÞ þ b41A5ðnÞ  b42A6ðnÞÞnJ0ðnrÞdn;
ð6Þ
/ðr;0Þ ¼
Z 1
0
ðc1A1ðnÞ þ c21A2ðnÞ  c22A3ðnÞÞ½
þðc3A4ðnÞ þ c41A5ðnÞ  c42A6ðnÞÞnJ0ðnrÞdn:
ð7Þ
Correspondingly, the stresses and electric displacement are
rzrðr;0Þ ¼
Z 1
0
ðl1A1ðnÞ þ l2A2ðnÞ  l3A3ðnÞÞ þ ðl4A4ðnÞ þ l5A5ðnÞ½
l6A6ðnÞÞn2J1ðnrÞdn; ð8Þ
rzzðr; 0Þ ¼
Z 1
0
ðm1A1ðnÞ þm2A2ðnÞ m3A3ðnÞÞ þ ðm4A4ðnÞ½
þm5A5ðnÞ m6A6ðnÞÞn2J0ðnrÞdn; ð9Þ
Dzðr;0Þ ¼
Z 1
0
ðn1A1ðnÞ þ n2A2ðnÞ  n3A3ðnÞÞ þ ðn4A4ðnÞ½
þn5A5ðnÞ  n6A6ðnÞÞn2J0ðnrÞdn: ð10Þ
On the interface between the ﬁlm and the substrate ðz ¼ tÞ, one
can obtain
urðr; tÞ ¼
Z 1
0
ðEaA1ðnÞ þ FaA2ðnÞ  GaA3ðnÞÞ þ ðHaA4ðnÞ½
þIaA5ðnÞ  JaA6ðnÞÞnJ1ðnrÞdn; ð11Þ
uzðr; tÞ ¼
Z 1
0
ðEbA1ðnÞ þ FbA2ðnÞ  GbA3ðnÞÞ þ ðHbA4ðnÞ þ IbA5ðnÞ

JbA6ðnÞÞ

nJ0ðnrÞdn; ð12Þ
/ðr; tÞ ¼
Z 1
0
ðEcA1ðnÞ þ FcA2ðnÞ  GcA3ðnÞÞ þ ðHcA4ðnÞ þ IcA5ðnÞ

JcA6ðnÞÞ

nJ0ðnrÞdn; ð13Þ
rzrðr; tÞ ¼
Z 1
0
ðo1A1ðnÞ þ o2A2ðnÞ  o3A3ðnÞÞ þ ðo4A4ðnÞ½
þo5A5ðnÞ  o6A6ðnÞÞn2J1ðnrÞdn; ð14Þ
rzzðr; tÞ ¼
Z 1
0
ðq1A1ðnÞ þ q2A2ðnÞ  q3A3ðnÞÞ þ ðq4A4ðnÞ þ q5A5ðnÞ½
q6A6ðnÞÞn2J0ðnrÞdn; ð15Þ
where the constants li; mi; ni; oi; qi and Ea; Fa; Ga; Ha; Ia, and Ja
are deﬁned in the Appendix A .
For the elastic substrate, the governing group Eq. (1) reduces to2ð1 msÞ
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where the script ‘‘s’’ denotes the substrate. Applying the same
method as that for the piezoelectric ﬁlm, the following general solu-
tions for the elastic substrate are obtained
usrðr; z0Þ ¼
Z 1
0
M1ðnÞnz0 M1ðnÞð3 4msÞ þM2ðnÞ½ nenz0 J1ðnrÞdn;
ð17Þ
usz0 ðr; z0Þ ¼
Z 1
0
M1ðnÞnz0 þM2ðnÞ½ nenz0 J0ðnrÞdn ð18Þ
and the corresponding stress components are
rsrz0 ðr; z0Þ ¼
Es
1þ ms
Z 1
0
M1ðnÞnz0 þ 2M1ðnÞð1 msÞ½
M2ðnÞn2enz0 J1ðnrÞdn; ð19Þ
rsz0z0 ðr; z0Þ ¼
Es
1þ ms
Z 1
0
ð1 2mÞM1ðnÞ M1ðnÞnz0½
M2ðnÞn2enz0 J0ðnrÞdn;
where M1ðnÞ and M2ðnÞ are unknowns to be determined from the
boundary conditions.
On the interface between the ﬁlm and the substrate ðz ¼ t, that
is z0 ¼ 0Þ, we have
usrðr;0Þ ¼
Z 1
0
M1ðnÞð3 4msÞ þM2ðnÞ½ nJ1ðnrÞdn ð21Þ
usz0 ðr;0Þ ¼
Z 1
0
M2ðnÞnJ0ðnrÞdn; ð22Þ
rsrz0 ðr;0Þ ¼
Es
1þ ms
Z 1
0
2ð1 msÞM1ðnÞ M2ðnÞ½ n2J1ðnrÞdn; ð23Þ
rsz0z0 ðr;0Þ ¼
Es
1þ ms
Z 1
0
ð1 2msÞM1ðnÞ M2ðnÞ½ n2J0ðnrÞdn: ð24Þ2.3. Boundary conditions
At z ¼ 0, within the contact area (r 6 aÞ, the downward dis-
placement uz is speciﬁed in accordance with the indenter proﬁle
f ðrÞ, as
uzðr;0Þ ¼ h f ðrÞ ð25Þ
with
f ðrÞ ¼
0 ð0 6 r 6 aÞ ðpunchÞ;
r cotH ð0 6 r 6 aÞ ðconeÞ;
r2=ð2RÞ ð0 6 r 6 aÞ ðsphereÞ;
8><
>: ð26Þ
where it is assumed for the sphere indenter that a R. Outside the
contact area the normal stress must be zero
Table 1
Indentation responses of isotropic elastic half space indented by three kinds of
indenters (i.e., Punch, Cone and Sphere) where the subscript ‘‘eh’’ denotes elastic half
space.
Quantity Punch Cone Sphere
aeh constant 2p h tanH
ﬃﬃﬃﬃﬃﬃ
Rh
p
Peh 2Eð1m2Þ ah 2Epð1m2Þh
2 tanH 4E3ð1m2ÞR
1=2h3=2
/ehðr;0Þ 0 0 0
Qeh 0 0 0
Table 2
Material properties for PZT-4.
Elastic coefﬁcients (GPa)
c11 c12 c13 c33 c44
139.00 77.80 74.30 115.00 25.60
Piezoelectric coefﬁcients(C/m2) Dielectric constants(10-9F/m)
e31 e33 e15 211 233
5.20 15.10 12.70 6.461 5.620
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Since only frictionless contact is considered, one has
rrzðr;0Þ ¼ 0 ðr P 0Þ: ð28Þ
The following electric boundary condition is prescribed
Dzðr;0Þ ¼ 0 ðr P 0Þ ð29Þ
for insulating indenters and
/ðr;0Þ ¼ /1 ð0 6 r 6 aÞ;
Dzðr;0Þ ¼ 0 ðr > aÞ:
ð30Þ
for conducting indenters, where /1 is the prescribed indentation
electric potential.
At z ¼ t, that is z0 ¼ 0, because of the deformation of the elastic
substrate, the displacement components ur and uz are no longer
zero, the following boundary conditions are presented
ur uz rrz rzzf g ¼ usr usz0 rsrz0 rsz0z0
 
: ð31Þ
The elastic substrate is assumed to be conducting, so
/ðr; tÞ ¼ 0 ðr P 0Þ ð32Þ
Note that the foregoing boundary conditions are ideal. For any
imperfect boundary conditions (e.g., the partly insulating and partly
conducting condition by charge leaking), the following analysis no
longer applies.
2.4. Dual integral equations
Applying the general solutions in Section 2.2 into the boundary
conditions presented in the above section, we have the following
linear group equations for the insulating indenter case,(a)
(c)
Fig. 2. Normalized insulating punch indentation responses as functions of the normaliz
moduli and Poisson’s ratios: (a) and (b) Indentation force; (c) and (d) Electric potential.l1 l2 l3 l4 l5 l6 0 0
n1 n2 n3 n4 n5 n6 0 0
Ea Fa Ga Ha Ia Ja 3 4ms 1
Eb Fb Gb Hb Ib Jb 0 1
Ec Fc Gc Hc Ic Jc 0 0
o1 o2 o3 o4 o5 o6  2Esð1msÞð1þmsÞ Esð1þmsÞ
q1 q2 q3 q4 q5 q6  Esð12msÞð1þmsÞ Esð1þmsÞ
0
BBBBBBBBBBBB@
1
CCCCCCCCCCCCA
A1ðnÞ
A2ðnÞ
A3ðnÞ
A4ðnÞ
A5ðnÞ
A6ðnÞ
M1ðnÞ
M2ðnÞ
0
BBBBBBBBBBBBB@
1
CCCCCCCCCCCCCA
¼ 0
ð33Þfrom which, A1ðnÞ  A5ðnÞ; M1ðnÞ and M2ðnÞ could be expressed in
terms of A6ðnÞ as(b)
(d)
ed contact radius for piezoelectric ﬁlms bonded to elastic substrates with different
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¼ F1; F2; F3; F4; F5; F6; F7½ TA6ðnÞ=D; ð34Þ
where Fi ði ¼ 1; . . . ;6Þ and D are the determinants of the corre-
sponding coefﬁcient matrix according to the Crammer’s rule for
the solutions of linear equations for which the explicit forms are
not given here for the sake of brevity, and the superscript ‘‘T’’ de-
notes transpose.
Substituting Eq. (34) into Eqs. (25) and (27), we get the follow-
ing dual integral equations
rzzðr;0Þ ¼
R1
0
m1F1þm2F2m3F3þm4F4þm5F5
D m6
	 

A6ðnÞn2J0ðnrÞdn ¼ 0 ðr > aÞ;
uzðr;0Þ ¼
R1
0
b1F1þb21F2b22F3þb3F4þb41F5
D  b42
 
A6ðnÞnJ0ðnrÞdn ¼ h f ðrÞ ð0 6 r 6 aÞ:
8>>><
>>>:
ð35Þ
For the conducting indenter case, the corresponding equations are
l1 l2 l3 l4 l5 l6 0 0
Ea Fa Ga Ha Ia Ja 3 4ms 1
Eb Fb Gb Hb Ib Jb 0 1
Ec Fc Gc Hc Ic Jc 0 0
o1 o2 o3 o4 o5 o6  2Esð1msÞð1þmsÞ Esð1þmsÞ
q1 q2 q3 q4 q5 q6  Esð12msÞð1þmsÞ Esð1þmsÞ
0
BBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCA
A1ðnÞ
A2ðnÞ
A3ðnÞ
A4ðnÞ
A5ðnÞ
A6ðnÞ
M1ðnÞ
M2ðnÞ
0
BBBBBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCCCCA
¼ 0
ð36Þ
from which A1ðnÞ; A2ðnÞ; A4ðnÞ; A5ðnÞ; M1ðnÞ and M2ðnÞ can be ex-
pressed in terms of A3ðnÞ and A6ðnÞ as:(a)
(c)
Fig. 3. Normalized conducting punch indentation responses as functions of the normaliz
moduli and Poisson’s ratios: (a) and (b) Indentation force; (c) and (d) Electric charge.A1ðnÞ;A2ðnÞ;A4ðnÞ;A5ðnÞ;M1ðnÞ;M2ðnÞ½ T
¼ Fc1; Fc2; Fc3; Fc4; Fc5; Fc6½ T A3ðnÞDc
þ Ec1; Ec2; Ec3; Ec4; Ec5; Ec6½ T A6ðnÞDc ; ð37Þ
where Fci; Eciði ¼ 1; . . . ;6Þ and Dc are the determinants of the corre-
sponding coefﬁcient matrix according to the Crammer’s rule.
One set of dual integral equations for the conducting indenter
indentation can be obtained from the mechanical boundary condi-
tions (i.e., Eqs. (25) and (27)) as
rzzðr;0Þ¼
R1
0
m1Fc1þm2Fc2þm4Fc3þm5Fc4
Dc
m3
 
A3ðnÞþ
h
m1Ec1þm2Ec2þm4Ec3þm5Ec4
Dc
m6
 
A6ðnÞ
i
n2J0ðnrÞdn¼0 ðr>aÞ;
uzðr;0Þ¼
R1
0
b1Fc1þb21Fc2þb3Fc3þb41Fc4
Dc
b22
 
A3ðnÞþ
h
b1Ec1þb21Ec2þb3Ec3þb41Ec4
Dc
b42
 
A6ðnÞ
i
nJ0ðnrÞdn¼hf ðrÞ ð06r6aÞ
8>>>><
>>>>>:
ð38Þ
and another set of dual integral equations from the electric bound-
ary conditions (i.e., Eq. (30)) can be formulated as
Dzðr;0Þ¼
R1
0
n1Fc1þn2Fc2þn4Fc3þn5Fc4
Dc
n3
 
A3ðnÞþ
h
n1Ec1þn2Ec2þn4Ec3þn5Ec4
Dc
n6
 
A6ðnÞ
i
n2J0ðnrÞdn¼0 ðr> aÞ;
/ðr;0Þ¼ R10 c1Fc1þc21Fc2þc3Fc3þc41Fc4Dc c22
 
A3ðnÞþ
c1Ec1þc21Ec2þc3Ec3þc41Ec4
Dc
c42
 
A6ðnÞ
i
nJ0ðnrÞdn¼/1 ð06 r6 aÞ:
8>>>>><
>>>>>:
ð39Þ
By now, the key point of the piezoelectric indentation problem
is to solve the dual integral Eq. (35) for the insulating case while to
solve the dual integral Eqs. (38) and (39) simultaneously for the
conducting case.(b)
(d)
ed contact radius for piezoelectric ﬁlms bonded to elastic substrates with different
(c) (d)
(e) (f)
(a) (b)
Fig. 4. Normalized insulating spherical indenter indentation responses as functions of the normalized nominal contact radius for piezoelectric ﬁlms bonded to elastic
substrates with different moduli and Poisson’s ratios: (a) and (b) Indentation force; (c) and (d) Electric potential; (e) and (f) Contact radius.
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In general, both the ﬁlm and the half space substrate contribute
to the indentation behaviors of a piezoelectric ﬁlm/elastic sub-
strate system. It is almost impossible to obtain a closed-form solu-
tion to the derived dual integral Eqs. (35), (38) and (39). When the
contact radius is much smaller than the thickness of the ﬁlm (i.e.,
a t or a=t ! 0Þ, however, the piezoelectric ﬁlm can be envi-
sioned as a half-space and the effects of the substrate diminish.
As a result, the indentation responses can be approximated by
those of a corresponding piezoelectric half space (Giannakopoulos
and Suresh, 1999; Wang et al., 2008b).
On the other hand, when the contact radius is much greater
than the ﬁlm thickness (i.e., a t or a=t !1Þ and the Young’s
modulus of the substrate is ﬁnite, the elastic half space substrate
dominates the contribution to the response of the ﬁlm/substrate
system to a rigid indenter. Under such a circumstance, it is reason-
able to assume that the indenter is directly imposed on the elastic
half space substrate. Available solutions of isotropic elastic half
space by axisymmetric rigid indenters are summarized in Table 1
(Sneddon, 1951). It should be pointed out that there only exist
force and contact radius responses for an isotropic elastic halfspace and all the electric indentation responses (i.e., electric poten-
tial for an insulating indenter indentation and electric charge for a
conducting case) are zero (see, Table 1). This will be viewed from
the numerical results in the following section. When the Young’s
modulus of the substrate increases to inﬁnity (i.e., rigid substrate),
the indentation responses should converge to the inﬁnitely thin
ﬁlm solutions bonded to rigid substrate given by Wang et al.
(2008b). Details will be discussed in the following.
4. Numerical results
4.1. Speciﬁcations
Since the focus of this study is to explore the effects of the thick-
ness of the piezoelectric ﬁlm and the elasticity of the substrate on
the indentation responses, systematical numerical calculations are
conducted by solving the dual integral Eqs. 35, 38 and 39 using the
same method as that in Wang et al. (2008b). The material proper-
ties listed in Table 2 for the piezoelectric ceramic PZT-4 are
adopted unless stated otherwise.
In the following, the calculated indentation responses are nor-
malized by the corresponding ones of piezoelectric half space for
(a)
(c)
(e) (f)
(d)
(b)
Fig. 5. Normalized conducting spherical indenter indentation responses as functions of the normalized nominal contact radius for piezoelectric ﬁlms bonded to elastic
substrates with different moduli and Poisson’s ratios: (a) and (b) Indentation force; (c) and (d) Electric charge; (e) and (f) Contact radius.
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culated force P, electric potential U ¼ /ð0;0Þ, electric charge Q, and
indentation radius a are normalized by the corresponding piezo-
electric half space solutions P0; U0 ¼ /0ð0;0Þ; Q0 and a0 given in
Tables 1 and 2 of Wang et al. (2008b), that is,
P=P0; U=U0; Q=Q0; a=a0: ð40Þ
It is therefore expected that as a=t ! 0
ðP=P0; U=U0; Q=Q0; a=a0Þ ! ð1; 1; 1; 1Þ: ð41Þ
For a=t !1, as discussed before, the corresponding indentation re-
sponses should approach the isotropic elastic half space solutions
(i.e., results given in Table 1), that is
ðP=P0; U=U0; Q=Q0; a=a0Þ ! ðPeh=P0; 0; 0; 1Þ; ð42Þ
where the subscript ‘‘eh’’ denotes the elastic half-space.
For a transversely isotropic piezoelectric ﬁlm, its Young’s mod-
ulus E0 and Poisson’s ratio m0 in the isotropic plane are related to its
elastic constants byE0 ¼ c
2
11c332c11c213c212c33þ2c12c213
c11c33c213
;
m0 ¼ c12c33c
2
13
c11c33c213
;
8><
>: ð43Þ
which gives E0 ¼ 81:2 GPa and m0 ¼ 0:33 for PZT-4. To illustrate the
effects of the elastic substrate, numerical calculations are conducted
for various Young’s moduli and Poisson’s ratios of the substrate.
Speciﬁcally, when the Poisson’s ratio is the selected values of
0.33, the Young’s modulus of the substrate is set to be 20GPa,
81.2 GPa, 200 GPa, 812 GPa and 8120 GPa, respectively, which
means that the corresponding mismatch effect Es=E0 is set to be
0.25, 1, 2.5, 10, and 100. Furthermore, to explore the effects of the
Poisson’s ratio, the Young’s modulus of the substrate is ﬁxed to be
200 GPa while the Poisson’s ratio is set to be 0.05, 0.15, 0.25, 0.33
and 0.45.
For the conical and spherical indenter indentations, a nominal
contact radius aN is introduced
aN ¼
h tanH ðconeÞ;ﬃﬃﬃﬃﬃﬃ
hR
p
ðsphereÞ
(
ð44Þ
and H ¼ 70:3 for cone and R=t ¼ 1000 for sphere have been se-
lected. The prescribed electric voltage of /1=t ¼ 104V/m is assumed
(c)
(e) (f)
(d)
(a) (b)
Fig. 6. Normalized insulating conical indenter indentation responses as functions of the normalized nominal contact radius for piezoelectric ﬁlms bonded to elastic substrates
with different moduli and Poisson’s ratios: (a) and (b) Indentation force; (c) and (d) Electric potential; (e) and (f) Contact radius.
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punch indentation, the normalized indentation depth h=t remains
constant and is chosen to be 0.1 during the calculation.
4.2. Results
The calculated indentation responses of ﬁnitely thin piezoelec-
tric ﬁlms bonded to elastic substrates with different Young’s mod-
uli and Poisson’s ratios and loaded by an insulating or conducting
punch, sphere and cone are shown in Figs. 2–7, respectively. All the
results are given in terms of normalized responses versus normal-
ized contact radius a=t or aN=t and denoted by dotted lines with
symbols. The corresponding results for the rigid substrate (Wang
et al., 2008b) are also included and shown as solid lines with sym-
bols and the normalized elastic half space results are plotted in so-
lid lines without symbols.
Recall that in the two limiting cases of a=t ! 0 (for cone and
sphere, a=t should be aN=tÞ and a=t !1, the indentation responses
of the piezoelectric ﬁlm/elastic substrate system should approach
those of piezoelectric half space and elastic half space, respectively.
It is evident from Figs. 2–7 that all the solutions get to unity as
a=t ! 0, indicating that the effects of the elastic substrate in thislimit case disappear and the system could be regarded as a piezo-
electric half space. As a=t increases, the calculated responses grad-
ually change into the corresponding elastic half space results.
Comparing Figs. 2 and 3(a), Figs. 4 and 5(e), the electric conduc-
tivity of the indenter (i.e., ideally insulating or conducting) is found
to have little inﬂuences on the mechanical responses, such as the
force and contact radius responses, but produces different indenta-
tion electric responses, i.e., electric potential for the insulating
indentations (see, Fig. 2(c)) and electric charge for the conducting
indentations (see, Fig. 3(c)). The force, electric potential and elec-
tric charge responses for the three types of indenters (i.e., cylindri-
cal punch, sphere and cone) and the contact radius responses for
the two types of indenters (i.e., sphere and cone) are almost the
same only with minor difference (see, Figs. 2–7).
However, the inﬂuences of the Young’s modulus and Poisson’s
ratio of the substrate on the indentation responses are signiﬁcant
and they are discussed in detail as follows.
The inﬂuence of the Young’s modulus of the elastic substrate
It is seen from the plot (a) of Figs. 2–7 that the indentation forces
responses for both conducting and insulating indenters switch
from the piezoelectric to the elastic half space solutions as the con-
tact radius increases from small to big values, independent of
(a)
(c)
(e) (f)
(d)
(b)
Fig. 7. Normalized conducting conical indenter indentation responses as functions of the normalized nominal contact radius for piezoelectric ﬁlms bonded to elastic
substrates with different moduli and Poisson’s ratios: (a) and (b) Indentation force; (c) and (d) Electric charge; (e) and (f) Contact radius.
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a=t ¼ 1 (or aN=t ¼ 1). Speciﬁcally, when the Young’s modulus of the
substrate is small (e.g., E=E0 ¼ 0:25, that is the case of a hard ﬁlm
on a soft substrate), the plot (a) of Figs. 2–7 shows that the normal-
ized indentation force responses are below 1 and decrease gradu-
ally to Peh=P0 while for the case of a soft ﬁlm on a hard substrate
(e.g., E=E0 ¼ 2:5), they are above 1 and increase gradually to the
normalized elastic half space results. As the Young’s modulus E
gets larger, the corresponding responses approach the rigid sub-
strate solutions although it becomes more and more difﬁcult for
the indentation force to get to Peh=P0 as a=t increases.
For the normalized contact radius responses of the conducting
and insulating spherical and conical indenters (see, plots (e) and
(f) of Figs. 4–7), since aeh=a0 is very close to 1 (if not exactly equal
to 1) regardless of the Young’s modulus of the substrate, they ap-
proach 1 as a=t increases. In particular, for E=E0 ¼ 0:25, they reduce
from 1 ﬁrst and then increase gradually to aeh=a0 while for
E=E0 ¼ 2:5 they rise up ﬁrst and then decreases to 1. For very large
Young’s modulus of the substrate (e.g., E=E0 ¼ 100Þ; a=a0 is very
closed to the rigid substrate solution when a=t < 1. For larger
a=t, it deviates from the rigid substrate solution and drops down
toward the elastic half space results. It can be seen that, for theYoung’s modulus close to E0, it is relatively easy (i.e., a=t ¼ 10)
for the mechanical indentation responses (i.e., force and contact ra-
dius) to approach the elastic half space results.
The inﬂuences of the Young’s modulus of the substrate on the
electric responses (i.e., electric potential for the insulating indenter
case and electric charge for the conducting indenter case) are dif-
ferent from those on the indentation force and contact radius re-
sponses. From the plot (c) of Figs. 2, 4 and 6, it is seen that the
electric potential responses decrease from the half space results
gradually to zero, that is Ueh=U0, as a=t varying from 0.01 to a large
value for even E=E0 ¼ 2:5. The smaller E=E0, the quicker the nor-
malized responses decrease to Ueh=U0. For larger Young’s moduli
(e.g., E=E0 > 2:5), the electric potential increases ﬁrst and then de-
crease to 0 even at E=E0 ¼ 100 similar to the behaviors of the con-
tact radius responses and it does change into the rigid substrate
electric potential response as E=E0 !1. For the electric charge re-
sponses, see plot (c) of Figs. 2, 3, 5 and 7, they decrease ﬁrst slowly
and then dramatically to 0, i.e., Qeh=Q0, as a=t increases for
E=E0 ¼ 0:25, indicating that for the case of indentation for a hard
ﬁlm on a soft substrate, the electrical charge responses may vanish
at a special value of a=t which is determined by the elasticity of the
substrate. For larger Young’s moduli of the substrate (i.e.,
(c)
(a) (b)
Fig. 8. Comparison of the calculated responses of the insulating spherical indenter case with the ﬁnite element results: (a) Force; (b) Electric potential; (c) Contact radius.
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without a sign of dropping down within the range of a=t consid-
ered in this paper, similar to the behaviors of the indentation force
responses. As E=E0 !1, it is found that the electric charge re-
sponses turn to the rigid substrate solutions.
As mentioned in Section 3, the indentation responses of a ﬁlm
on substrate system comprise contributions from the piezoelectric
ﬁlm and the elastic substrate. It is evident from the Figs. 2–7 that
all the responses transfer from the corresponding piezoelectric half
space results to the elastic substrate solutions as a=t varies from
small to big values, indicating that when a=t is small the contribu-
tion from the piezoelectric ﬁlm dominates and the contribution
from the elastic substrate increases and even prevails as a=t gets
signiﬁcantly larger. The transition point between ﬁlm dominated
and substrate dominated is closely related to the Young’s modulus
and Poisson’s ratio of the elastic substrate.
As a rule of thumb, the ratio of the contact radius to the ﬁlm
thickness should be less than one tenth to diminish the inﬂuences
of the substrate on the indentation responses. As a consequence,
the piezoelectric ﬁlm/elastic substrate system can be simpliﬁed
as a piezoelectric half space. However, this rule must be used with
caution. Although it is true (see, Figs. 2–7) for a substrate with
large Young’s modulus (e.g., E=E0 ¼ 2:5Þ, it may not be so obvious
for a hard ﬁlm bonded to a soft substrate (e.g., E=E0 ¼ 0:25Þ: the
calculated indentation responses are different from the piezoelec-
tric half space solutions even at a small value of a=t ¼ 0:1, which
means that the system cannot be simpliﬁed as a piezoelectric half
space. For a soft ﬁlm bonded to a hard substrate case (i.e.,
E=E0 P 2:5Þ, there are evident discrepancy between the calculated
responses and the rigid substrate solutions for a=t ¼ 1 and
E=E0 ¼ 10, implying that the substrate may be deemed as rigid only
when E=E0 > 10 and a=t < 1.
The inﬂuences of the Poisson’s ratio of the elastic substrate
One can see from Figs. 2–7 that, when a=t < 1, the inﬂuences of
the Poisson’s ratio of the substrate on all the normalized indenta-
tion responses are small. However, the inﬂuences are signiﬁcantfor a=t > 1 that the bigger the Poisson’s ratio of the elastic sub-
strate, the larger the corresponding indentation responses are.
We can conclude that there is no need to consider the inﬂuences
of Poisson’s ratio of the substrate for a normalized indentation
with a=t < 1 while for a=t P 1 the inﬂuences must be taken into
account.
4.3. Finite element veriﬁcation
To verify the analytical calculations in previous sections, a ﬁnite
element analysis using the software ABAQUS is conducted on the
indentation of a piezoelectric ﬁlm bonded to an elastic substrate
andpenetratedbyaninsulatingspherical indenter.TheYoung’smod-
ulus and Poisson’s ratio of the isotropic elastic substrate are set to be
812GPa and 0.33, respectively whilst the transversely isotropic pie-
zoelectric ﬁlm is PZT4 with the material properties listed in Table 2.
The ﬁlm with the thickness 0.016 mm is ideally bonded to the sub-
strate. Quadratic axisysmetric elements CAX8RE and CAX8R are
adopted tomodel theﬁlmand substrate, respectively, andananalyt-
ical rigid spherical surface is used for the spherical indenterwith ra-
dius 16mm, giving the ratio of the sphere radius to the ﬁlm
thickness being 1000. There are 400 elements in the r direction and
200 in the zdirectionwith5 for thepiezoelectric ﬁlm. The total num-
ber of degrees of freedom of the ﬁnite element model is about 0.8
million.
The ﬁnite element calculated indentation responses, such as the
indentation force, electric potential and contact radius, are com-
pared with the corresponding analytical solutions given in previ-
ous sections (see, Fig. 8). Good agreement between the ﬁnite
element and analytical results can be observed, indicating the
validity of the obtained analytical solutions.
5. Concluding remarks
We conduct a systematical study on the frictionless indentation
responses of a piezoelectric ﬁlm perfectly bonded to an elastic sub-
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sults are validated by the ﬁnite element method. Three different
geometrical rigid indenters, i.e., circular cylindrical punch, cylin-
drical cone, and sphere, both perfectly insulating and conducting
are considered.
Obtained results on the effects of the ﬁlm thickness reveal that
in the two limit cases of the contact radius to the ﬁlm thickness ra-
tio the considered problems can be simpliﬁed: For a=t or aN=t ! 0,
the effects of the substrate can be neglected and the problems can
be deemed as the indentations of piezoelectric half space; For a=t
or aN=t !1, on the other hand, the indentation responses of the
ﬁlm/substrate system transfer to those of the elastic half space
solutions.
The inﬂuences of the elasticity of the substrate on the indenta-
tion force, electric potential, electric charge and contact radius re-
sponses are explored by assigning various sets of Young’s modulus
and Poisson’s ratio to the substrate. As the normalized contact ra-
dius a=t (or aN=tÞ varies from small to big values, the indentation
force response switches monotonically from the piezoelectric half
space solution to the elastic half space solution, regardless whether
the substrate is soft or hard. The transition takes place at around
a=t=1 (or aN=t=1). For the contact radius, electric potential and
electric charge responses, however, the transition from the piezo-
electric to the elastic half space solutions are much more compli-
cated and are dependent upon whether the substrate is soft or
hard. In particular, the electric charge response of insulating inden-
ters ﬁrst decreases slowly and then drops down dramatically to
zero for very soft substrate, indicating that the electric charge re-
sponses may disappear for a special value of a=t. When the Young’s
modulus of the substrate increases to inﬁnity (i.e., rigid substrate),
all the calculated responses converges into the available solutions
for piezoelectric ﬁlm/rigid substrate systems. The effects of the
Poisson’s ratio on the indentation responses are found to be negli-
gible for small values of normalized contact radius. The results are
believed to be useful for developing experimental techniques to
extract the material properties of the piezoelectric ﬁlm/substrate
system.Acknowledgements
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Appendix A
The deﬁnitions for li;mi;ni; oi; qi ði ¼ 1; . . .6Þ are
l1 ¼ e15c1  c44ðk1a1 þ b1Þ;
l2 ¼ e15c21  c44ðda21 xa22 þ b21Þ;
l3 ¼ e15c22  c44ðda22 þxa21 þ b22Þ;
l4 ¼ e15c3  c44ðk1a3 þ b3Þ;
l5 ¼ e15c41  c44ðda41 þxa42 þ b41Þ;
l6 ¼ e15c42  c44ðda42 xa41 þ b42Þ;
ðA1Þ
m1 ¼ a1c13  c33b1k1  e33c1k1;
m2 ¼ a21c13  c33b21dþ c33b22x e33c21dþ e33c22x;
m3 ¼ a22c13  c33b22d c33b21x e33c22d e33c21x;
m4 ¼ a3c13 þ c33b3k1 þ e33c3k1;
m5 ¼ a41c13 þ c33b41d c33b42xþ e33c41d e33c42x;
m6 ¼ a42c13 þ c33b42dþ c33b41xþ e33c42dþ e33c41x;
ðA2Þn1 ¼ a1e31  e33b1k1 þ 233c1k1;
n2 ¼ a21e31  e33b21dþ e33b22xþ 233c21d 233c22x;
n3 ¼ a22e31  e33b22d e33b21xþ 233c22dþ 233c21x;
n4 ¼ e31a3 þ e33b3k1  233c3k1;
n5 ¼ a41e31 þ e33b41d e33b42x 233c41dþ 233c42x;
n6 ¼ a42e31 þ e33b42dþ e33b41x 233c42d 233c41x;
ðA3Þ
o1 ¼ l1ek1nt ;
o2 ¼ ðl2 cosðwntÞ þ l3 sinðwntÞÞednt ;
o3 ¼ ðl3 cosðwntÞ  l2 sinðwntÞÞednt ;
o4 ¼ l4ek1nt ;
o5 ¼ ðl5 cosðwntÞ  l6 sinðwntÞÞednt;
o6 ¼ ðl6 cosðwntÞ þ l5 sinðwntÞÞednt;
ðA4Þ
q1 ¼ m1ek1nt;
q2 ¼ ðm2 cosðwntÞ þm3 sinðwntÞÞednt ;
q3 ¼ ðm3 cosðwntÞ m2 sinðwntÞÞednt ;
q4 ¼ m4ek1nt ;
q5 ¼ ðm5 cosðwntÞ m6 sinðwntÞÞednt;
q6 ¼ ðm6 cosðwntÞ þm5 sinðwntÞÞednt;
ðA5Þ
The deﬁnitions for Ea; Fa;Ga;Ha; Ia; Ja are:
Ea ¼ a1ek1n~t;
Fa ¼ ða21 cosðxn~tÞ þ a22 sinðxn~tÞÞedn~t;
Ga ¼ ða22 cosðxn~tÞ  a21 sinðxn~tÞÞedn~t ;
Ha ¼ a3ek1n~t ;
Ia ¼ ða41 cosðxn~tÞ  a42 sinðxn~tÞÞedn~t;
Ja ¼ ða42 cosðxn~tÞ þ a41 sinðxn~tÞÞedn~t :
ðA6Þ
And replacing a here into b and c gives the deﬁnitions for Eb  Jb
and Ec  Jc.
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